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GRADED-SIMPLE ALGEBRAS AND COCYCLE TWISTED LOOP
ALGEBRAS
ALBERTO ELDUQUE
Abstract. The loop algebra construction by Allison, Berman, Faulkner, and
Pianzola, describes graded-central-simple algebras with split centroid in terms
of central simple algebras graded by a quotient of the original grading group.
Here the restriction on the centroid is removed, at the expense of allowing
some deformations (cocycle twists) of the loop algebras.
1. Introduction
The graded-central-simple algebras (not necessarily associative, nor Lie) with
split centroid were shown in [ABFP08] to be isomorphic to loop algebras of algebras
graded by a quotient group that are central simple as ungraded algebras. This is a
very important reduction, as the graded-central-simple algebras may fail to be nice
as ungraded algebras, for instance, they may fail to be simple or semisimple.
The purpose of this paper is to remove the restriction of the centroid being split,
at the expense of allowing certain deformations of the loop algebra construction.
These deformations will be based on a symmetric 2-cocycle on the grading group
with values in the multiplicative group of the ground field.
Graded-central-simple algebras over the real field have been studied, with a
different approach based on Galois descent from C to R, in [BKpr]. Their results
are subsumed nicely in our more general description.
All the algebras considered will be defined over a ground field F, unless otherwise
stated, and they are just vector spaces over F endowed with a bilinear multiplica-
tion, usually denoted by juxtapostion. No assumption on associativity, dimension
(which can be infinite), or existence of unity, is made.
For the basic facts on gradings, the reader may consult [EK13]. Here we will
review some basic definition. Let A be an algebra and G a group. A G-grading on
A is a vector space decomposition Γ : A =
⊕
g∈GAg such that AgAh ⊆ Agh for
any g, h ∈ G. The nonzero elements in Ag are said to be homogeneous of degree g.
The support of Γ is the set {g ∈ G | Ag 6= 0}.
Gradings by abelian groups often arise as eigenspace decompositions with respect
to a family of commuting diagonalizable automorphisms. Over an arbitrary field,
a G-grading Γ on A is equivalent to a homomorphism of affine group schemes
ηΓ : G
D → AutF(A), where G
D is the diagonalizable group scheme represented
by the group algebra FG. In this paper, only gradings by abelian groups will be
considered.
Let Γ : A =
⊕
g∈GAg and Γ
′ : A′ =
⊕
g∈GA
′
g be two gradings by an abelian
group G. The G-gradings Γ and Γ′ are isomorphic if A and A′ are isomorphic as
G-graded algebras, i.e., if there exists an isomorphism of algebras ϕ : A → A′ such
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that ϕ(Ag) = A
′
g for all g ∈ G. We will write then A ≃G A
′ and say that A and
A′ are graded-isomorphic.
The paper is structured as follows. Section 2 will review known results on ex-
tensions of abelian groups and their associated 2-symmetric cocycles needed in the
sequel. These symmetric 2-cocycles τ : G×G→ F× are used in Section 3 to define
a new multiplication on any G-graded algebra A. The new algebra thus obtained is
denoted by Aτ and it is associative, Lie, ..., if A is so. The basic properties of these
cocycle twists are given. Actually, these cocycle twists are particular instances of
the graded contractions considered in [dMP91], [MP91]. The underlying ideas go
back to [IW53].
Section 4 reviews the general loop algebra construction in [ABFP08] and some
of its main properties. Section 5 contains the main results of the paper, which show
that any graded-central-simple algebra is graded-isomorphic to a cocycle twist of
a loop algebra of a central simple algebra graded by a quotient of the original
grading group (Theorem 5.2). Actually, the graded-isomorphism class of a G-
graded-central-simple algebra is determined by a subgroup H of G, an element in
the symmetric second cohomology group H2sym(H,F
×), and the equivalence class
of a central simple (as ungraded algebra) G/H-graded algebra, under a precise
equivalence relation weaker than graded-isomorphism (Corollary 5.5).
The connection with the approach over the real field by Galois descent in [BKpr]
is explained in Section 6.
2. Ext, extensions, and H2sym
In this section, several well-known results on extensions of abelian groups will
be reviewed. The reader may consult [HS97, Chapters III and VI].
Unless otherwise stated, multiplicative notation will be used for abelian groups.
2.1. Ext(A,B) and extensions. Given two abelian groups (i.e., Z-modules) A, B,
the abelian group ExtZ(A,B), or simply Ext(A,B), can, and will, be identified with
the set of equivalence classes of extensions of A by B (in the category of abelian
groups, and we will refer to them as abelian extensions), where an extension of A
by B is a short exact sequence 1→ B → E → A→ 1, and two extensions
1 −→ B −→ E −→ A −→ 1 and 1 −→ B −→ E′ −→ A −→ 1
are equivalent if there is a homomorphism ϕ : E → E′, necessarily bijective, such
that the diagram
1 B E A 1
1 B E′ A 1
ϕ
is commutative.
For a homomorphism f : A′ → A, the natural homomorphism
f∗ = Ext(f,B) : Ext(A,B) −→ Ext(A′, B)
is obtained as follows. Let ξ : 1 → B
i
→ E
p
−→ A → 1 be an abelian extension, and
let E˜ be the pull-back of p and f :
E˜ = {(x, a′) ∈ E ×A′ | p(x) = f(a′)}.
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Then we obtain a commutative diagram with exact rows:
1 B E˜ A′ 1
ξ : 1 B E A 1
j p˜2
p˜1 f
i p
where p˜1(x, a
′) = x and p˜2(x, a
′) = a′ are the canonical projections, and j(x) =(
i(x), e
)
for any x ∈ B (e denotes the neutral element). The extension of A′ by B
in the first row is denoted by ξf , and the map
f∗ : Ext(A,B) −→ Ext(A′, B)
[ξ] 7→ [ξf ]
(1)
is well defined and equals Ext(f,B).
2.2. Ext(A,B) ≃ H2sym(A,B). On the other hand, the set of equivalence classes
of central extensions, in the category of groups, of the group A by the abelian
group B, that is, equivalence classes as above, but of short exact sequences of
groups 1 → B
i
→ E
p
−→ A → 1 with i(B) central in E, can be identified with the
second cohomology group H2(A,B) = Z2(A,B)/B2(A,B), where
Z2(A,B) = {σ : A×A → B |
σ(a1, a2)σ(a1a2, a3) = σ(a1, a2a3)σ(a2, a3) ∀a1, a2, a3 ∈ A}
is the set of 2-cocycles, and
B2(A,B) = {dγ | γ : A→ B a map}
is the set of 2-coboundaries, where dγ(a1, a2) = γ(a1)γ(a2)γ(a1a2)
−1 for any map
γ : A→ B and a1, a2 ∈ A.
The element in H2(A,B) that corresponds to the central extension ξ : 1→ B
i
→
E
p
−→ A → 1 is obtained by fixing a section s : A → E of p (s is not a homomorphism
in general). Then for any a1, a2 ∈ A, the element s(a1)s(a2)s(a1a2)
−1 is in ker p =
im i, so there is a unique element σ(a1, a2) ∈ B such that
(2) i
(
σ(a1, a2)
)
= s(a1)s(a2)s(a1a2)
−1.
Then σ : A × A → B is a 2-cocycle whose equivalence class [σ] in H2(A,B) does
not depend on the chosen section s. This equivalence class [σ] is the element in
H2(A,B) that corresponds to the equivalence class of ξ.
Moreover, for A and B abelian, ξ is an abelian extension if and only if σ is
symmetric.
Denote by Z2sym(A,B) the subgroup of Z
2(A,B) of the symmetric 2-cocycles,
that is, 2-cocycles σ such that σ(a1, a2) = σ(a2, a1) for any a1, a2 ∈ A, and note
that B2(A,B) is contained in Z2sym(A,B). Then, for A and B abelian, Ext(A,B)
can be identified too with the quotient
H2sym(A,B) = Z
2
sym(A,B)/B
2(A,B).
Given an abelian extension ξ : 1 → B
i
→ E
p
−→ A → 1, the 2-cocycle σ ∈
Z2sym(A,B) defined in (2), and a homomorphism of abelian group f : A
′ → A, the
element in H2sym(A
′, B) attached to ξf is just [σ ◦ (f × f)]. In other words, f∗ in
(1) corresponds to the natural map (also denoted by f∗):
f∗ : H2sym(A,B) −→ H
2
sym(A
′, B)
[σ] 7→ [σ ◦ (f × f)]
(3)
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2.3. The long exact sequence. Given an abelian groupG, a subgroupH , and the
associated quotient group G/H , consider the corresponding short exact sequence
(4) ζ : 1 H G G/H 1ι pi
where ι is the inclusion map and π the canonical projection. Given any abelian
group F , there is the associated long exact sequence
(5) 1→ Hom(G/H,F )
pi∗
−→ Hom(G,F )
ι∗
−→ Hom(H,F )
δ
−−→ Ext(G/H,F )
pi∗
−→ Ext(G,F )
ι∗
−→ Ext(H,F )→ 1
because Extn(., .) is trivial for n ≥ 2 (see, e.g., [Wei94, Lemma 3.3.1]). The maps
π∗ and ι∗ in the first row are just the precompositions by π and ι, respectively.
The maps π∗ and ι∗ in the second row are given by (1). As for the connecting
homomorphism δ, it is obtained as follows. Given a homomorphism f : H → F , let
E be the push-out of f and ι:
E = F ×G/
〈(
f(x), ι(x)−1
)
| x ∈ H
〉
.
There appears a commutative diagram with exact rows:
ζ : 1 H G G/H 1
1 F E G/H 1
ι
f
pi
j2
j1 p
where j1 and j2 are the canonical homomorphisms and p([x, g]) = π(g) for any
[x, g] ∈ E ([x, g] denotes the class of the element (x, g) modulo the subgroup〈(
f(x), ι(x)−1
)
| x ∈ H
〉
). The extension in the second row is denoted by fζ, and
the map
δ : Hom(H,F ) −→ Ext(G/H,F )
f 7→ [fζ]
is precisely the connecting homomorphism.
Given a section s : G/H → G, the element in H2sym(G/H,H) corresponding to
ζ is the class [σ] of the 2-cocycle
σ : G/H ×G/H −→ H
(g¯1, g¯2) 7→ s(g¯1)s(g¯2)s(g¯1g¯2)
−1.
(6)
Then s˜ : G/H → E, g¯ 7→ [e, s(g¯)] is a section of p in fζ, and for g¯1, g¯2 ∈ G/H
s˜(g¯1)s˜(g¯2)s˜(g¯1g¯2)
−1 = [(e, ι
(
σ(g¯1, g¯2)
)
] = [f
(
σ(g¯1, g¯2)
)
, e].
Hence the connecting homomorphim δ corresponds to the map (denoted too by δ):
δ : Hom(H,F ) −→ H2sym(G/H,F )
f 7→ [f ◦ σ] .
(7)
The long exact sequence (5) can then be substituted by
(8) 1→ Hom(G/H,F )
pi∗
−→ Hom(G,F )
ι∗
−→ Hom(H,F )
δ
−→ H2sym(G/H,F )
pi∗
−→ H2sym(G,F )
ι∗
−→ H2sym(H,F )→ 1
with δ in (7) and π∗ and ι∗ in the second row as in (3).
The exactness of (5) has the following consequence that will be critical later on:
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Proposition 2.1. Let G and F be abelian groups, H a subgroup of G, and τ ′ : H×
H → F a symmetric 2-cocycle. Then there is a symmetric 2-cocycle τ ∈ Z2sym(G,F )
that extends τ ′ (i.e., τ ′ = τ |H×H).
Proof. The homomorphism ι∗ : H2sym(G,F ) → H
2
sym(H,F ) being surjective, there
is a 2-cocycle τ˜ ∈ Z2sym(G,F ) such that [τ˜ |H×H ] = ι
∗([τ˜ ]) = [τ ′], so there is a map
γ : H → F such that τ ′ =
(
τ˜ |H×H)(dγ). That is,
τ ′(h1, h2) = τ˜ (h1, h2)γ(h1)γ(h2)γ(h1h2)
−1
for any h1, h2 ∈ H . Extend γ to a map γ˜ : G → F (for instance, with γ˜(g) = e for
any g ∈ G \H). Then τ = τ˜(dγ˜) satisfies τ |H×H = τ
′. 
3. Cocycle twists
Definition 3.1. Let G be an abelian group, let A be an algebra over F endowed
with a G-grading: A =
⊕
g∈GAg, and let τ : G×G→ F
× be a symmetric 2-cocycle.
Define a new multiplication on A by the formula
(9) x ∗ y := τ(g1, g2)xy
for g1, g2 ∈ G, x ∈ Ag1 , y ∈ Ag2 .
The new algebra thus defined will be called the τ-twist of A, and will be denoted
by Aτ .
Remark 3.2. In [MP91] (see also [dMP91]) a more general situation is considered,
where τ : G × G → F is allowed to take the value 0, but still being symmetric
and satisfying the cocycle condition: τ(g1, g2)τ(g1g2, g3) = τ(g1, g2g3)τ(g2, g3) for
g1, g2, g3 ∈ G. The resulting twisted algebra is said to be a graded contraction of A
and the interest in the above mentioned references lies in those τ ’s that indeed take
the value 0. In this way one can obtain, for example, solvable Lie algebras as graded
contractions of semisimple Lie algebras, as some nonzero structure constants in the
original algebra may become 0 in the twist.
Example 3.3. Consider the real algebra of complex numbers C, graded by the
cyclic group of order 2: C2 = {e, h}, so Ce = R1, Ch = Ci. Let τ : C2 × C2 → R
×
be the symmetric 2-cocycle such that τ(e, e) = τ(e, h) = 1 and τ(h, h) = −1. Then
in the τ -twist Cτ we have
1 ∗ 1 = 1, 1 ∗ i = i ∗ 1 = i, but i ∗ i = 1,
so that Cτ is isomorphic to the group algebra RC2 (isomorphic to R× R).
Example 3.4. For any abelian group G and symmetric 2-cocycle τ ∈ Z2sym(G,F
×),
the τ -twist
(
FG
)τ
of the group algebra FG is denoted traditionally by FτG.
This makes sense for not necessarily symmetric 2-cocycles and nonabelian groups.
The algebras FτG are called twisted group algebras, and they play a key role in
Schur’s theory of projective representations of finite groups. Twisted group alge-
bras are, up to isomorphism, the graded-division algebras with one-dimensional
homogeneous components. Moreover, for τ1, τ2 ∈ Z
2(G,F×), Fτ1G ≃G F
τ2G if and
only if [τ1] = [τ2] in H
2(G,F×).
Natural examples of twisted group algebras are quaternion algebras over a field
F, charF 6= 2, which can be described, up to isomorphism, as the twisted group
algebras FτG, with G = C2 × C2 and τ a not symmetric 2-cocycle.
Some basic properties of cocycle twists are given in the next result.
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Proposition 3.5. Let G be an abelian group and let A =
⊕
g∈GAg be a G-graded
algebra over F.
(i) For σ, τ ∈ Z2sym(G,F
×),
(
A
σ
)τ
= Aστ .
(ii) If τ ∈ B2(G,F×), then Aτ ≃G A. More generally, if τ1, τ2 ∈ Z
2
sym(G,F
×)
and [τ1] = [τ2] in H
2
sym(G,F
×), then Aτ1 ≃G A
τ2 . In other words, for
τ ∈ Z2sym(G,F
×), the G-graded isomorphism class of Aτ depends only on
[τ ] ∈ H2sym(G,F
×).
(iii) If F is an algebraic closure of F and τ ∈ Z2sym(G,F
×), then Aτ ⊗F F ≃G
A⊗F F. In particular, if A is an asociative, alternative, Lie, linear Jordan,
...., algebra, so is Aτ .
(iv) If A is graded-simple, so is Aτ .
Proof. Part (i) is clear. For (ii), let γ : G → F× be a map such that τ1 = τ2(dγ).
The multiplication in Aτ1 and Aτ2 are x ∗ y = τ1(g1, g2)xy and x ⋆ y = τ2(x, y)xy,
respectively, for g1, g2 ∈ G, x ∈ Ag1 , y ∈ Ag2 . Then the linear automorphism
ϕ ∈ EndF(A) such that ϕ(x) = γ(g)x for g ∈ G and x ∈ Ag preserves the grading
and satisfies:
ϕ(x) ⋆ ϕ(y) = γ(g1)γ(g2)τ2(g1, g2)xy
= γ(g1g2)(dγ)(g1, g2)τ2(g1, g2)xy
= γ(g1g2)τ1(g1, g2)xy
= γ(g1g2)x ∗ y = ϕ(x ∗ y).
For (iii) note that for τ ∈ Z2sym(G,F
×) ⊆ Z2sym(G,F
×
), Aτ ⊗F F =
(
A⊗F F
)τ
. But
F
×
is divisible (hence injective as a Z-module), so Ext(G,F
×
) ≃ H2sym(G,F
×
) = 1,
and hence, because of (ii),
(
A⊗F F
)τ
≃G A⊗F F.
As for (iv), it is enough to note that the ideal generated by any homogeneous
element x ∈ Ag is the same in A or in A
τ . 
Example 3.6. Let G be an abelian group, H a subgroup, and G = G/H the
corresponding quotient. Let A be a G-graded algebra and let χ ∈ Hom(H,F×) (a
character on H). Finally, let s : G → G be a section of the canonical projection
π : G → G. Then in [ABFP08, Definition 6.3.1], the algebra Aχ is defined on the
same vector space as A, but with new multiplication
x ·χ y = χ
(
s(g1)s(g2)s(g1g2)
−1
)
xy
for g1, g2 ∈ G, x ∈ Ag1 , y ∈ Ag2 . We see that Aχ is the (χ ◦ σ)-twist A
χ◦σ of A,
where σ ∈ Z2sym(G,H) is the symmetric 2-cocycle considered in (6). Moreover, note
that [χ ◦ σ] = δ(χ), where δ is the connecting homomorphism in (7) for F = F×.
Recall that the centroid C(A) of an algebra A is the unital associative subalgebra
of EndF(A) given by
C(A) = {c ∈ EndF(A) | c(xy) = c(x)y = xc(y) ∀x, y ∈ A} .
If the algebra A is simple, then C(A) is a field extension of F. The algebra A is said
to be central simple if it is simple and this field extension is trivial: C(A) = F1.
(Here 1 denotes the identity map on A.) Any simple algebra is central simple when
considered as an algebra over its centroid.
Given an abelian group G and a G-graded algebra A =
⊕
g∈GAg, consider the
subspaces
C(A)g = {c ∈ C(A) | cAg′ ⊆ Agg′ ∀g
′ ∈ G}
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for g ∈ G. Their sum
⊕
g∈G C(A)g is direct, but it may fail to be the whole C(A).
The G-graded algebra A is called graded-central if C(A)e = F1.
Also, the G-graded algebra A is said to be graded-simple if A2 = A and A does
not contain any proper graded ideals, and graded-central-simple if it is graded-
simple and graded-central.
If A is graded-simple, then C(A) =
⊕
g∈G C(A)g ([BN06, Proposition 2.16]) and
it is a graded-field, i.e., it is commutative and any nonzero homogeneous element is
invertible. IfH is the support of theG-grading on C(A): H = {g ∈ G | C(A)g 6= 0},
H is a subgroup of G. Then if K = C(A)e (a field extension of F), C(A) is
isomorphic, as a graded algebra, to a twisted group algebra KτH (see Example
3.4), for a symmetric 2-cocycle τ ∈ Z2sym(H,K
×), the G-grading (with support
H) in KτH being the natural one. Moreover, A is graded-central-simple when
considered as an algebra over K.
The next results shows the behavior of the centroid of a G-graded-central simple
algebra under cocycle twists.
Proposition 3.7. Let G be an abelian group and B a G-graded-central-simple
algebra. For any τ ∈ Z2sym(G,F
×), C(Bτ ) ≃G C(B)
τ .
Proof. For any homogeneous element c ∈ C(B)h, define c
τ ∈ EndF(B) by
cτ (x) = τ(h, g)c(x)
for g ∈ G and x ∈ Bg. Denote by ∗ the multiplication in B
τ : x ∗ y = τ(g1, g2)xy,
for g1, g2 ∈ G, x ∈ Bg1 , y ∈ Bg2 . Then, under these assumptions,
cτ (x ∗ y) = τ(g1, g2)c
τ (xy)
= τ(g1, g2)τ(h, g1g2)c(xy)
= τ(h, g1)τ(hg1, g2)c(x)y
= τ(hg1, g2)c
τ (x)y = cτ (x) ∗ y
and also, because of the symmetry of τ :
cτ (x ∗ y) = τ(g1, g2)τ(h, g1g2)c(xy)
= τ(h, g2)τ(g1, hg2)xc(y) = x ∗ c
τ (y).
Thus cτ ∈ C(Bτ )h. Besides, if c1 ∈ C(B)h1 and c2 ∈ C(B)h2 , then for x ∈ Bg we
have:
cτ1c
τ
2(x) = τ(h1, h2g)τ(h2, g)c1c2(x)
= τ(h1, h2)τ(h1h2, g)c1c2(x)
= τ(h1, h2)(c1c2)
τ (x),
so cτ1c
τ
2 = τ(h1, h2)(c1c2)
τ , and the map C(B)τ → C(Bτ ), c 7→ cτ , for homogeneous
c, is an isomorphism. 
4. Loop algebras
Given an abelian group G, a subgroup H , the canonical projection π : G → G =
G/H , g 7→ π(g) = g, and an algebra A graded by G: A =
⊕
g∈GAg, the loop
algebra Lpi(A) is the G-graded algebra
Lpi(A) =
⊕
g∈G
Ag ⊗ g
which is a subalgebra of the tensor product A⊗FFG, where FG is the group algebra
of G (see [ABFP08, Definition 3.1.1]).
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If A is G-graded-central-simple, then its centroid C(A) is said to be split (see
[ABFP08, Definition 4.3.6]) if C(A) is isomorphic, as a graded algebra, to the (un-
twisted) group algebra: C(A) ≃G FH . This is always the case if F is algebraically
closed by Proposition 3.5.
The main results in [ABFP08] reduce the study of the graded-central-simple
algebras with split centroid to the study of the central simple graded algebras (i.e.,
graded algebras which are central simple as (ungraded) algebras).
Theorem 4.1. (see [ABFP08, Theorem 7.1.1]) Let G be an abelian group, H a
subgroup of G, and π : G → G = G/H the canonical projection.
(1) If A is a central simple algebra graded by G, then the loop algebra Lpi(A)
is a G-graded-central-simple algebra, and the map
FH −→ C
(
Lpi(A)
)
h 7→
(
x⊗ g 7→ x⊗ hg)
for g ∈ G, x ∈ Api(g), is an isomorphism of G-graded algebras. (Hence
C
(
Lpi(A)
)
≃G FH.)
(2) if B is a G-graded-central-simple algebra with split centroid C(B) ≃G FH,
then there exists a central simple and G-graded algebra A such that B ≃G
Lpi(A).
(3) If A and A′ are central simple and G-graded algebras, then Lpi(A) ≃G
Lpi(A
′) if and only if there is a character χ ∈ Hom(H,F×) such that A′ ≃
Aχ = A
χ◦σ (as in Example 3.6).
5. Graded-central-simple algebras
The goal in this section is to remove the restriction on the centroid of a graded-
central-simple algebra to be split, at the expense of allowing cocycle twists of loop
algebras.
For simplicity, given an abelian group G, a subgroup H , a G = G/H-graded al-
gebra algebra A, and a symmetric 2-cocycle τ ∈ Z2sym(G,F
×), the τ -twist
(
Lpi(A)
)τ
will be denoted by Lτpi(A) and called a cocycle twisted loop algebra.
Remark 5.1. Lτpi(A) is the subalgebra
⊕
g∈GAg⊗g of the tensor product A⊗FF
τG,
where FτG is the twisted loop algebra, as in Example 3.4.
The next Theorem is the main result of the paper. It reduces the classification of
graded-central-simple algebras, up to isomorphism, to the classification of central
simple and graded algebras, up to isomorphism.
Theorem 5.2. Let G be an abelian group.
(1) If B is a G-graded-central-simple algebra, then there is a subgroup H of
G, a central simple and G = G/H-graded algebra A, and a symmetric 2-
cocycle τ ∈ Z2sym(G,F
×) such that B ≃G L
τ
pi(A). (As usual, π denotes the
canonical projection G→ G.)
(2) Conversely, let H be a subgroup of G, A a central simple and G-graded
algebra, and let τ ∈ Z2sym(G,F
×). Then Lτpi(A) is G-graded-central-simple
and C
(
Lτpi(A)
)
≃G F
τ ′H, where τ ′ = τ |H×H .
(3) For i = 1, 2, let Hi be a subgroup of G, Ai a central simple and G/Hi-graded
algebra, τi ∈ Z
2
sym(G,F
×). Denote by πi : G → Gi = G/Hi the canonical
projection, i = 1, 2. Then Lτ1pi1(A1) ≃G L
τ2
pi2(A2) if and only if the following
conditions are satisfied:
• H1 = H2 =: H, so π1 = π2 =: π : G→ G = G/H, and
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• there is a 2-cocycle µ ∈ Z2sym(G,F
×) such that [τ1] = π
∗([µ])[τ2] in
H2sym(G,F
×) and Aµ1 ≃G A2.
Proof. For (1), if B is a G-graded-central-simple algebra, and H is the support of its
centroid, then C(B) is a twisted group algebra: C(B) ≃G F
τ ′H , for a 2-cocycle τ ′ ∈
Z2sym(H,F
×). Proposition 2.1 shows that there is a 2-cocycle τ ∈ Z2sym(G,F
×) such
that τ |H×H = τ
′. Then by Proposition 3.7, C(Bτ
−1
) ≃G C(B)
τ−1 ≃G
(
Fτ
′
H
)τ−1
=
FH , so C(Bτ
−1
) is split. [ABFP08, Theorem 7.1.1.(iii)] shows that there is a central
simple G-graded algebra A such that Bτ
−1
≃G Lpi(A), and hence B =
(
Bτ
−1
)τ ≃G
Lτpi(A) by Proposition 3.5.
Now (2) follows since
(
Lτpi(A)
)τ−1
= Lpi(A) is G-graded-central-simple, and
hence so is Lτpi(A) by Propositions 3.5 and 3.7, which also imply the last part
of (2).
Finally, if Lτ1pi1(A1) ≃G L
τ2
pi2(A2), then their centroids are graded-isomorphic too,
and hence with equal supports. Thus H1 = H2 (see Theorem 4.1.(1)). By part (2),
Fτ
′
1H ≃G F
τ ′
2H , where τ ′i = τi|H×H , i = 1, 2, so that [τ
′
1] = [τ
′
2] in H
2
sym(H,F
×),
that is, ι∗([τ1]) = ι
∗([τ2]), where ι : H →֒ G is the inclusion. By the exactness of
(8), there is a 2-cocycle ν ∈ Z2sym(G,F
×) such that [τ1] = π
∗([ν])[τ2].
From Lτ1pi (A1) ≃G L
τ2
pi (A2) we get L
τ1τ
−1
2
pi (A1) ≃G Lpi(A2). But [τ1τ
−1
2 ] =
π∗([ν]) = [ν ◦ (π × π)], so with ν̂ = ν ◦ (π × π) we get L
τ1τ
−1
2
pi (A1) ≃G L
ν̂
pi(A1) =
Lpi(A
ν
1). Hence Lpi(A
ν
1) ≃G Lpi(A2), and we conclude from [ABFP08, Theorem
7.1.1.(iii)] that there exists a character χ ∈ Hom(H,F×) such that
(
Aν1
)
χ
≃G
A2. Example 3.6 shows that
(
A
ν
1
)
χ
= A
ν(χ◦σ)
1 and [ν(χ ◦ σ)] = [ν]δ(χ). With
µ = ν(χ ◦ σ), which lies in Z2sym(G,F
×), we have Aµ1 ≃G A2, and since π
∗([µ]) =
π∗([ν])π∗δ(χ) = π∗([ν]) by the exactness of (8), we obtain [τ1] = π
∗([ν])[τ2] =
π∗([µ])[τ2], as required.
The converse is clear, because from Aµ1 ≃G A2 we get Lpi(A
µ
1 ) ≃G Lpi(A2), so
Lµ̂pi(A1) ≃G Lpi(A2), where µ̂ = µ ◦ (π × π). But [µ̂] = π
∗([µ]) = [τ1τ
−1
2 ], so
Proposition 3.5 gives L
τ1τ
−1
2
pi (A1) ≃G L
µ̂
pi(A1) ≃G Lpi(A2), and hence L
τ1
pi (A1) =(
L
τ1τ
−1
2
pi (A1)
)τ2
≃G L
τ2
pi (A2). 
Remark 5.3. There is a great freedom in choosing τ ∈ Z2sym(G,F
×) in the proof
above, the only required condition being that τ |H×H should be cohomologous to
τ ′: ι∗([τ ]) = [τ ′] in H2sym(H,F
×).
We can express the above result in a concise way as follows. Given the abelian
group G, consider the set B(G,F) of the isomorphism classes (as G-graded alge-
bras) of G-graded-central-simple algebras, denoting by [B] the class of an algebra
B. Consider too the set A(G,F) consisting of the equivalence classes of triples
(H, [τ ],A), where H is a subgroup of G, [τ ] ∈ H2sym(G,F
×), and A is a central
simple and G/H-graded algebra, the equivalence relation being given by
(H1, [τ1],A1) ∼ (H2, [τ2],A2)
if H1 = H2(=: H), ι
∗([τ1]) = ι
∗([τ2]), (ι : H →֒ G being the inclusion map), and if
there is a µ ∈ Z2sym(G/H,F
×) such that [τ1] = π
∗([µ])[τ2] and A
µ
1 ≃G/H A2.
Corollary 5.4. The map
A(G,F) −→ B(G,F)
[(H, [τ ],A)] 7→ [Lτpi(A)]
is a bijection.
10 ALBERTO ELDUQUE
The inverse is given by [B] 7→ [(H, [τ ],A)], where H is the support of C(B),
[τ ] ∈ H2sym(G,F
×) is such that ι∗([τ ]) ∈ H2sym(H,F
×) determines the isomorphism
class of C(B) as an H-graded algebra, and A is a central image (see [ABFP08, §6])
of Bτ
−1
(whose centroid is split).
If we want to get rid of the freedom in choosing τ ∈ Z2sym(G,F
×) mentioned in
Remark 5.3, we may fix, for all subgroups H of G, a section ξH : H
2
sym(H,F
×) →
H2sym(G,F
×) of the map ι∗ in (8). Then we may consider the set A
′
(G,F) of
triples (H, [τ ′], [A]), where H is a subgroup of G, [τ ′] ∈ H2sym(H,F
×), and [A]
is the equivalence class of a central simple and G/H-graded algebra A, under the
equivalence relation being given by A1 ∼ A2 if there is a character χ ∈ Hom(H,F
×)
such that
(
A1
)
χ
≃G/H A2.
Corollary 5.5. The map
A
′
(G,F) −→ B(G,F)
(H, [τ ′], [A]) 7→ [Lτpi(A)]
where τ is any 2-cocycle in Z2sym(G,F
×) such that [τ ] = ξH([τ
′]), is a bijection.
Proof. The map is clearly surjective. If two pairs (H1, [τ
′
1], [A1]) and (H2, [τ
′
2], [A2])
have the same image [B], then the support of C(B) is H1 = H2(=: H), and its
isomorphism class (as H-graded algebra) is determined by both [τ ′1] and [τ
′
2] in
H2sym(H,F
×). Hence (H1, [τ
′
1]) = (H2, [τ
′
2]). Then L
τ
pi(A1) ≃G L
τ
pi(A2), with [τ ] =
ξH([τ
′
1]) = ξH([τ
′
2]), which implies Lpi(A1) ≃G Lpi(A2), and hence
(
A1)χ ≃G/H A2
for some χ ∈ Hom(H,F×) by [ABFP08, Theorem 7.1.1.(iii)]. Thus (H1, [τ
′
1], [A1]) =
(H2, [τ
′
2], [A2]). 
6. The real case
If the ground field is the field of real numbers R, the G-graded-central-simple
real algebras have been considered in [BKpr]. The approach there is by Galois
descent from C to R. Hence any such algebra is obtained, up to isomorphism, by
Galois descent from a complex loop algebra, and checked to be isomorphic to a loop
algebra twisted by a character χ : G→ S1, where S1 denotes the unit circle in C.
Let us finish this section by showing the connection of these “χ-twisted loop
algebras” over R with the cocycle twisted loop algebras considered here.
Given an abelian group G, the short exact sequence
ξ : 1 R× C× S1 1
z z/z¯
p
induces a long exact sequence
(10)
1 Hom(G,R×) Hom(G,C×) Hom(G,S1) Ext(G,R×) 1δ
as Ext(G,C×) = 1 because C× is divisible.
Lemma 6.1. For any τ ∈ Z2sym(G,R
×) there is a character χ ∈ Hom(G,S1) such
that, for any choice of elements zg ∈ C with z
2
g = χ(g) for all g, [τ ] = [dγ] in
H2sym(G,R
×), where γ is the map G → S1, g 7→ zg.
Note that dγ(g1, g2)
2 = χ(g1)χ(g2)χ(g1g2)
−1 = 1, so dγ(g1, g2) ∈ {±1} ⊆ R
×
and hence dγ ∈ Z2sym(G,R
×), even though γ takes values in S1 ⊆ C×.
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Proof. The connecting homomorphism δ in (10) works as follows. Given any char-
acter χ : G→ S1, let E be the pull-back of χ and p:
E = {(z, g) ∈ C× ×G | χ(g) = z/z¯},
with its natural projections π1 : E → C
× and π2 : E → G. There appears the
commutative diagram with exact rows:
ξχ : 1 R× E G 1
ξ : 1 R× C× S1 1
pi2
pi1 χ
p
Then δ(χ) is the class in Ext(G,R×) of ξχ. For any choice of elements zg ∈ C with
z2g = χ(g), the map G → E, g 7→ (zg, g), is a section of π2, and hence the element
in H2sym(G,R
×) corresponding to the extension ξχ is the class of the cocycle in
Z2sym(G,R
×) given by
(g1, g2) 7→ zg1zg2z
−1
g1g2 .
That is, identifying Ext(G,R×) with H2sym(G,R
×), δ(χ) = [dγ] with γ : g 7→ zg.
The Lemma now follows from the surjectivity of δ. 
Now, given an abelian group G, a subgroup H , and a central simple and G/H-
graded real algebra A, and given a character χ : G → S1, the algebra Lχpi(A) defined
in [BKpr] is the subalgebra
⊕
g∈G
(
Ag ⊗ g
)
of A ⊗R R
dγG (γ as in Lemma 6.1),
and hence it is precisely the dγ-twisted loop algebra Ldγpi (A) (see Remark 5.1).
Lemma 6.1 and Proposition 3.5 show then that for any τ ∈ Z2sym(G,R
×), there is
a character χ : G→ S1 such that Lτpi(A) ≃G L
χ
pi(A).
Remark 6.2. Let B be a central simple complex algebra, and denote by BR the real
algebra obtained by restriction of scalars. That is, BR is just B, but considered
as a real algebra. The results in this paper reduce the study of gradings on BR to
gradings on the complex algebra B and gradings on real forms of B, i.e., central
simple real algebras A such that B is isomorphic to A⊗R C, as follows.
Let G be an abelian group and let Γ : BR =
⊕
g∈G(BR)g be a G-grading on BR.
The centroid C(B) = C(BR) is C1 (1 denotes here the identity map). Then either:
(1) The grading induced by Γ on C(B) is trivial: C(B) = C(B)e. This means
that each (BR)g is a complex subspace of B, so Γ is actually a G-grading
of the complex algebra B: Γ : B =
⊕
g∈GBg.
Each isomorphism class of gradings (BR,Γ) corresponds to one or two iso-
morphism classes of gradings (B,Γ), because the index [Aut(BR) : Aut(B)]
may be 1 or 2.
(2) The grading induced by Γ on C(B) is not trivial. Then there is an element
h ∈ G of order 2 such that C(B)e = R1, C(B)h = Ri (identifying here i
with the map x 7→ ix). Then BR is G-graded-central-simple and Theorem
5.2 (and Corollaries 5.4 and 5.5) applies, so that, with H = 〈h〉, we have
an isomorphism BR ≃G L
τ
pi(A) for a central simple and G-graded real alge-
bra A and a symmetric 2-cocycle τ ∈ Hsym(G,R
×). Since C× is divisible
H2sym(G,C
×) ≃ Ext(G,C×) is trivial, so there is a map γ : G → C× such
that τ = dγ. Then the map:
Φ : Lτpi(A) −→ A⊗R C, x⊗ g 7→ x⊗ γ(g)
for g ∈ G and x ∈ Ag, is easily seen to be an isomorphism of G-graded real
algebras. Thus BR is isomorphic to A⊗RC as real algebras, and composing,
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if necessary, with id⊗ (complex conjugation), we check that B and A⊗R C
are isomorphic complex algebras, so that A is a real form of B.
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